Abstract. In this paper, we first construct the H 2 (curl)-conforming finite elements both on a rectangle and a triangle. They possess some fascinating properties which have been proven by a rigorous theoretical analysis. Then we apply the elements to construct a finite element space for discretizing quad-curl problems. Convergence orders O(h k ) in the H(curl) norm and O(h k−1 ) in the H 2 (curl) norm are established. Numerical experiments are provided to confirm our theoretical results.
analysis. Moreover, our new elements possess some good properties by which we obtain the error estimate of interpolation.
In the second part, we use our elements to solve the quad-curl equations which are involved in various practical problems, such as in inverse electromagnetic scattering theory [2, 11, 15] or in magnetohydrodynamics [20] . Unlike the low-order electromagnetic problem, which have been extensively studied both in mathematical theory and numerical methods [3, 5, [7] [8] [9] [10] 18] , only limited work has been done for quad-curl problems. Zheng et al. developed a nonconforming finite element method for the problem in [20] . Although the method has small number of DOFs, it bears the disadvantage of low accuracy. Based on Nédélec elements, a discontinuous Galerkin method and a weak Galerkin method were presented in [4] and [16] , respectively. Another approach to deal with the quad-curl operator is to introduce an auxiliary variable and reduce the original problem to a second-order system [15] . Very recently, Brenner et al. proposed a Hodge decomposition method in [1] by using Lagrange elements. Zhang used a different mixed scheme [19] , which relaxes the regularity require-ment of the solution. Different from all aforementioned methods, in this paper, we propose a conforming FE method by using our H 2 (curl) elements and give the error estimate in the sense of H 2 (curl)-, H(curl)-and L 2 -norms.
The rest of the paper is organized as follows. In Section 2 we list some function spaces and notations. Section 3 is the most technical part, where we define the H 2 (curl)-conforming FEs on rectangles and estimate the interpolation error. In Section 4 we give the definition of FEs and some properties on triangles. In Section 5 we use our FEs to solve the quad-curl problems and give the error estimates. In section 6 we provide numerical examples to verify correctness and efficiency of our method. Finally, some concluding remarks and possible future works are given in Section 7. In the Appendix we list the basis functions on a reference rectangle and triangle of the lowest-order element.
Preliminaries
Let Ω ∈ R 2 be a convex Lipschitz domain. n is the unit outward normal vector to ∂Ω. We We define
whose scalar products and norms are defined by (u, v) FES IN 2D AND ITS APPLICATIONS  3 follows:
The space of L 2 (D) functions with square-integrable divergence is denoted by H(div; D) and defined by
Taking the divergence-free condition into account, we define 
Proof. Using the fact that ∇H 1 0 (Ω) is a closed subspace of H 0 (curl; Ω), it's trivial to get the following three conditions:
(Ω) is a closed subspace of H 2 0 (curl; Ω), which completes the proof.
H 2 (curl)-conforming elements on rectangles
The elements we shall define and analyze in this section will be used to discretize the electric field in some high-order Maxwell's equations. We first introduce the following lemma. It shows that a finite element is conforming in H 2 (curl) if ∇ × u and the tangential component of uare continuous across the edges of elements.
Lemma 3.1. Let K 1 and K 2 be two non-overlapping Lipschitz domains having a common edge Λ
is defined by
where n i (i = 1, 2) is the unit outward normal vector to ∂K i , and note that n 1 = −n 2 .
Proof. For any function
w∇ × φdx,
where w| Ki = ∇ × (u| Ki ) and v| Ki = (∇×) 2 (u| Ki ), i = 1, 2 are the weak curl and the weak curl-curl of u. Thus, we complete the proof. 
where Mp(û), Mê(û) and MK(û) are the DOFs defined as follows:
Mp(û) is the set of DOFs given on all vertex nodes and edge nodesp i : 
MK(û) is the set of DOFs given in the elementK:
T andQ k−3 represents the space of polynomials in Q k−3 without constant term 0.
Now we have 4(k − 1) node DOFs, 4k edge DOFs and (k − 1)
After calculation, we can obtain
Since k ≥ 3, the minimum number of DOFs is 24.
Proof. By the embedding theorem, we have∇ ×û ∈ H 1+δ (K) ⊂ C 0,δ (K), then the DOFs in
Mp are well-defined. It follows Cauchy-Schwarz inequality that the DOFs defined in Mê(û) and Proof. (i). To prove the H 2 (curl) conformity, it suffices to proveû ×n i = 0 and∇ ×û = 0 on an edge (e.g.x 1 = −1) when all DOFs associated this edge vanish. Without loss of generality, we consider the edgex 1 = −1. On this edge,
By choosing q =û ·τ i in (3.2), we obtainû ·τ i =û ×n i = 0. Furthermore, we get∇ ×û = 0 by using the k vanishing DOFs defined in (3.1).
(ii). Now, we consider the unisolvence. It is clear that the total number of DOFs is 2k(k + 1) = dim PK . We only need to prove that vanishing all DOFs forû ∈ PK yieldsû = 0. By virtue of the fact that∇ ×û = 0 on ∂K, we can rewritten∇ ×û as:
Then, by using the integration by parts, we can get
Due to (3.2) and (3.3), we arrive at∇ ×û = 0 inK. Thus, there exists a functionφ ∈ Q k (K) such thatû = ∇φ. According to (i), we have ∇φ ·τ = ∇φ ×n = 0 on ∂K, which implies thatφ can be chosen asφ
By applying the integration by parts again, we have
Choosing ∇ ·q =φ and then using (3.3), we obtainφ = 0, i.e.û = 0, which completes the proof.
We need to extend the curl-curl-conforming element to a general parallelogram K. This is done by relating the finite element function on K to a function on theK. Since the elements are vectorial and we wish to relate the curl of u in an easy way to the curl ofû, we adopt the following transformation:
where the affine mapping
By a simple computation, we have
The unit tangential vector τ along the edge e of K is achieved by the transformation [7] (3.8)
Next we need to relate the DOFs on K andK and show that they are invariant under the transformation (3.4).
Lemma 3.3. Suppose that the function u and the unit tangential vector τ to ∂K are defined by the transformations (3.4) and (3.8) . Suppose also that the DOFs of a function u on K are given by
Then the DOFs forû onK and for u on K are identical.
Remark 3.3. Note that the DOFs in M p (u) involve det(B k ) and det(B k ) varies from element to element when the mesh is nonuniform. In the computation, we need to transfer det(B k ) from M p (u) to the basis functions.
The H
2 (curl) interpolation and its error estimates. Provided u ∈ H 1/2+δ (K), and
where M p , M e and M K are the sets of DOFs in (3.9)-(3.11).
Before we prove the error estimates of the interpolation, we need to show some important lemmas. Firstly, we shall show the relationship between the interpolation on a general element K and the interpolation on the reference elementK.
Lemma 3.4. Assume that Π K u is well-defined. Then under the transformation (3.4), we have
Proof. Because of Lemma 3.3 and the definition of the interpolation (3.12), we have
Then based on the unisolvence of the DOFs, we obtain
Furthermore, we have ΠK ( Π K u) = Π K u, which, together with the equation (3.13), leads to the conclusion.
Lemma 3.5. Provided that u is sufficiently smooth, we have
where I K is the Lagrange interpolation operator from H 1+δ (K) to Q k−1 (K) using the same vertex and edge nodes as the H 2 (curl)-conforming elements.
Proof. Without loss of generality, we only prove (3.14) for the reference elementK. And for the sake of brevity, we shall drop the hat notation. Applying the definition of Π K , we can get the value of ∇ × Π K u at the vertex and edge nodes
Using the definition of Lagrange interpolation, we obtain
which, together with the triangle inequality, leads to
Using the integration by parts, we have, in light of (3.10) and (3.11),
From Cauchy-Schwarz inequality, we derive
Collecting the above three equations gives (3.14).
Lemma 3.6. [7] Suppose that v andv are related by the transformation (3.4). Then for any s ≥ 0, we have
Proof. We only prove the results for integer s to avoid the technical complications. We divide our proof in three steps.
(i). We apply the transformation (3.4) and Lemma 3.4 to derive
Noting the fact that ΠKp =p whenp ∈ Q k−1 (K), we obtain, with the help of Lemma 3.2 and Theorem 5.5 in [10] ,
Collecting the above two equations and using Lemma 3.6 leads to
(ii). We use triangle inequality and Lemma 3.5 to have
which, together with the error estimate of Lagrange interpolation, leads to
(iii). Applying the triangle inequality and noting the fact that ∇ × ϕ = |ϕ| 1 , we arrive at
where we have used
Combining the above two equations and applying Lemma 3.5, we acquire we can prove the same theoretical results. Thus, in this section, we only introduce the definition of the finite elements. To this end, we need to define a special space of polynomial R k :
where P k is the space of homogeneous polynomial of degree k.
Definition 4.1. For any integer k ≥ 4, the H 2 (curl)-conforming element is defined by the triple:
K is the reference triangle,
where Mp(û) is the set of DOFs given on all vertex nodes and edge nodesp i :
with the points p i chosen at : 3 vertex nodes and (k − 2) distinct nodes in each edge, Mê(û) is the set of DOFs given on all edgesê i ofK, each with the unit tangential vectorτ i :
and MK(û) is the set of DOFs given on the elementK:
The total number of DOFs is
Since k ≥ 4, the minimum number of DOFs is 24.
Lemma 4.1. Suppose that the function u and the unit tangential vector τ to ∂K are defined by the transformations (3.4) and (3.8) . Suppose also that the DOFs of a function u on K are given
Applications
In this section, we use the H 2 (curl)-conforming finite elements developed in Section 3 and 4 to solve the quad-curl problem which is introduced as: For f ∈ H(div 0 ; Ω), find
where Ω ∈ R 2 is Lipschitz domain and n is the unit outward normal vector to ∂Ω. For the sake of satisfying divergence-free condition, we adopt mixed methods where the constraint ∇ · u = 0 in where
The well-posedness of the variational problem can be found in [16] . Due to f ∈ H(div 0 ; Ω), p = 0.
Let T h be a partition of the domain Ω consisting of rectangles or triangles. For every element K ∈ T h , we denote by h K its diameter. And we denote by h the mesh size of T h . We define
The H 2 (curl)-conforming finite element method seeks (
Lemma 5.1. The discrete problem (5.3) has a unique solution and p h = 0.
Proof. Firstly, we define a space
By the Poincaré inequality, the boundary condition, and the discrete Friedrichs inequality [15] , we can deduce that a(·, ·) is coercive on X h , i.e., for u h ∈ X h ,
where α is a positive constant. Here we have used the fact (∇×)
Furthermore, we check the Babuška-Brezzi condition by taking v h = ∇p h , then
The X h -coercivity and Babuška-Brezzi condition are satisfied, then the problem (5.3) has a unique solution. Moreover, by letting u h = ∇p h in the second equation of (5.3), we have ∇p h = 0.
Combined with the boundary condition of p h , we arrive at p h = 0.
Before giving the error estimate of (u h ; p h ), we first define a global interpolation. For u ∈ H 1/2+δ (Ω) and ∇ × u ∈ H 1+δ (Ω) with δ > 0, the global inerpolation Π h u ∈ V h is defined element by element using
is the solution of (5.2) with p = 0 and
Proof. Applying Theorem 2.45 in [10] , we have
We consider the following auxiliary problem: Find w ∈ X, s.t.
where X is defined in (2.2). Moreover, we assume 
Proof. Using Lemma 2.1, we can decompose u − u h as u − u h = π 1 + π 2 with π 1 ∈ X and π 2 ∈ ∇H 1 0 (Ω). We take v = π 1 to get
Due to the fact that p = p h = 0, we arrive at
which, together with Theorem 3.4 and (5.7), leads to
Thus, we complete the proof.
Theorem 5.3. Under the assumptions of Theorem 5.2, we have
Proof. This theorem can be proved by the same method as employed in [15, Theorem 6].
numerical experiments
We compare our finite element method (FEM) with a mixed finite element method (MFEM) [15] and Hodge decomposition (HD) method [1] .
From the Table 6 .1 and 6.2, we can see clearly the comparison among the three methods in this case. To further show the effectiveness of our method, we take Ω = (0, 1) × (0, 1) and partition it into N 2 squares. On the one hand, the total DOFs of the FEMs and MFEMs are M 1 and M 1 + ∆ 1 respectively, where
. In other words, the linear system that needs to be solved in our method is smaller than the one in MFEMs, especially when N is a large number. On the other hand, even if the HD method enjoys the advantage of smaller computation cost, the convergence order of it depends not only on the regularity of the solutions but also the regularity of the domain, e.g., the highest convergence order is 2 when Ω is a square. Furthermore, we partition Ω into 2N and M 2 +∆ 2 , where 
global DOFs on a square with 2N 2 uniform triangles
We further use several numerical examples to show the effectiveness of the H 2 (curl)-conforming finite element method introduced in Section 5 and to verify the theoretical findings associated with the method.
Example 6.1.
We consider the problem (5.1) on a unit square Ω = (0, 1) × (0, 1) with exact solution
Then the source term f can be obtained by a simple calculation. We have pointed out that
We first apply uniform rectangular partitions. Varying h from 1 40 to 1 80 , Table 6 .3 illustates the errors and convergence rates of u h in several different norms. From the table, we can deduce that the numerical results coincide with the theoretical findings, which confirm the correctness of our analysis.
Our numerical examples are also conducted on a nonuniform triangle mesh. The numerical results are presented in Table 6 .4, which indicates again the correctness of our numerical scheme and the corresponding error estimates. We also consider the problem ( We adopt the graded mesh introduced in [6] with a grading parameter κ (see Figure 6 .1 and 6.2). When κ = 0.5, the mesh is uniform. Table 6 .6, the convergence rates are improved significantly. In this paper, we discuss H 2 (curl)-conforming finite elements in 2-D and employ them to solve the quad-curl problem. In details, we describe the elements and estimate the interpolation error.
Furthermore, we obtain a optimal error estimate for the numerical scheme. The numerical experiments are provided to show the correctness of our theory and the efficiency of our scheme which is compared with the mixed finite element method in [15] and the Hodge decomposition method [1] .
In the experiments, we find that there exist some superconvergence phenomena, which will be given a detailed proof in our future work. Besides, we are also interested in the H 2 (curl)-conforming finite elements in 3-D. 
